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Abstract
The aim of this paper is to present sufficient and necessary conditions for generalized
Ho¨lder’s inequality in generalized Morrey spaces. We also obtain similar results in weak
Morrey spaces and in generalized weak Morrey spaces. The sufficient and necessary
conditions for the generalized Ho¨lder’s inequality in these spaces are obtained through
estimates for characteristic functions of balls in Rd.
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1 Introduction and Preliminaries
Several authors have made important observations about Ho¨lder’s inequality in the last three
decades (see [1, 2, 7, 12]). Recently, Masta et al. [6] obtained sufficient and necessary
conditions for the generalized Ho¨lder’s inequality in Lebesgue spaces. In this paper, we are
interested in studying the generalized Ho¨lder’s inequality in Morrey spaces and in generalized
Morrey spaces. In particular, we shall prove sufficient and necessary conditions for generalized
Ho¨lder’s inequality in those spaces. In addition, we also prove similar result in weak Morrey
spaces and in generalized weak Morrey spaces.
Let us first recall the definition of Morrey spaces. For 1 ≤ p ≤ q < ∞, the Morrey space
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Mpq(R
d) is the set of all p-locally integrable functions f on Rd such that
‖f‖Mpq := sup
a∈Rd,r>0
|B(a, r)|
1
q
− 1
p
(∫
B(a,r)
|f(y)|p dy
) 1
p
<∞.
Here, B(a, r) denotes the open ball in Rd centered at a with radius r > 0, and |B(a, r)|
denotes its Lebesgue measure. One might observe that ‖ · ‖Mpq defines a norm on M
p
q(R
d),
and makes the space complete [9]. Also note that if q = p, then Mpq(R
d) = Lp(Rd). Thus,
Mpq(R
d) can be viewed as a generalization of the Lebesgue space Lp(Rd).
The following theorem presents sufficient and necessary conditions for Ho¨lder’s inequality in
Morrey spaces.
Theorem 1.1. Let 1 ≤ p ≤ q < ∞, 1 ≤ p1 ≤ q1 < ∞, and 1 ≤ p2 ≤ q2 < ∞. Then the
following statements are equivalent:
(1) 1
p1
+ 1
p2
≤ 1
p
and 1
q1
+ 1
q2
= 1
q
.
(2) ‖fg‖Mpq ≤ ‖f‖Mp1q1
‖g‖Mp2q2
for every f ∈Mp1q1 (R
d) and g ∈ Mp2q2(R
d).
Let us now move to the weak Morrey spaces. For 1 ≤ p ≤ q < ∞, the weak Morrey space
wMpq(R
d) is the set of all measurable functions f on Rd for which ‖f‖wMpq <∞, where
‖f‖wMpq := sup
a∈Rd, r,γ>0
|B(a, r)|
1
q
− 1
p γ |{x ∈ B(a, r) : |f(x)| > γ}|
1
p .
Note that ‖ · ‖wMpq defines a quasi-norm on wM
p
q(R
d). If q = p, then wMpq(R
d) = wLp(Rd).
Here, wMpq(R
d) can be viewed as a generalization of the weak Lebesgue space wLp(Rd). The
relation between wMpq(R
d) and Mpq(R
d) is shown in the following lemma.
Lemma 1.2. [5] Let 1 ≤ p ≤ q <∞. Then Mpq(R
d) ⊆ wMpq(R
d) with
‖f‖wMpq ≤ ‖f‖Mpq
for every f ∈Mpq(R
d).
This lemma will be useful for us to study sufficient and necessary conditions for generalized
Ho¨lder’s inequality in weak Morrey spaces.
Next we present the definition of generalized Morrey spaces and generalized weak Morrey
spaces. For 1 ≤ p ≤ q <∞, let Gp be the set of all functions φ : (0,∞)→ (0,∞) such that φ
is almost decreasing (i.e. there exists C > 0 such that φ(r) ≥ C φ(s) for every 0 < r < s <∞)
and r
d
pφ(r) is almost increasing (i.e. there exists C > 0 such that r
d
pφ(r) ≤ C s
d
pφ(s) for every
0 < r < s < ∞). Note that if φ ∈ Gp, then φ satisfies the doubling condition, that is, there
exists C > 0 such that 1
C
≤ φ(r)
φ(s)
≤ C whenever 1 ≤ r
s
≤ 2. For φ ∈ Gp, the generalized Morrey
space Mpφ(R
d) is defined as the set of measurable functions f on Rd for which
‖f‖Mp
φ
:= sup
a∈Rd,r>0
1
φ(r)
(
1
|B(a, r)|
∫
B(a,r)
|f(x)|p dx
) 1
p
<∞.
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Note that Mpφ(R
d) = Mpq(R
d) for φ(r) := r−
d
q , 1 ≤ p ≤ q < ∞. Meanwhile, for φ ∈ Gp, the
generalized weak Morrey space wMpφ(R
d) is defined to be the set of all measurable functions
f on Rd such that
‖f‖wMp
φ
:= sup
a∈Rd, r,γ>0
γ |{x ∈ B(a, r) : |f(x)| > γ}|
1
p
φ(r)|B(a, r)|
1
p
<∞.
Here ‖ · ‖wMp
φ
is a quasi-norm on wMpφ(R
d). Furthermore, wMpφ(R
d) = wMpq(R
d) for φ(r) :=
r
− d
q . The relation between the generalized Morrey spaces and their weak type is given in the
following lemma.
Lemma 1.3. Let 1 ≤ p <∞ and φ ∈ Gp. Then M
p
φ(R
d) ⊆ wMpφ(R
d) with
‖f‖wMp
φ
≤ ‖f‖Mp
φ
for every f ∈Mpφ(R
d).
In Section 2 we state our main results, and in Section 3 we present the proofs.
2 Statement of The Results
Our main results are presented in the following theorems. The first theorem is more general
than Theorem 1.1.
Theorem 2.1. Let m ≥ 2. If 1 ≤ p ≤ q < ∞ and 1 ≤ pi ≤ qi < ∞ for i = 1, . . . , m, then
the following statements are equivalent:
(1)
m∑
i=1
1
pi
≤ 1
p
and
m∑
i=1
1
qi
= 1
q
.
(2)
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mpq
≤
m∏
i=1
‖fi‖Mpiqi
for every fi ∈M
pi
qi
(Rd), i = 1, . . . , m.
Theorem 2.2. Let m ≥ 2. If 1 ≤ p ≤ q < ∞ and 1 ≤ pi ≤ qi < ∞ for i = 1, . . . , m, then
the following statements are equivalent:
(1)
m∑
i=1
1
pi
≤ 1
p
and
m∑
i=1
1
qi
= 1
q
.
(2)
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
wMpq
≤ m
m∏
i=1
‖fi‖wMpiqi
for every fi ∈ wM
pi
qi
(Rd), i = 1, . . . , m.
For generalized Morrey spaces, we have the following theorems.
Theorem 2.3. Let m ≥ 2, 1 ≤ p, pi < ∞ with
m∑
i=1
1
pi
≤ 1
p
, φ ∈ Gp, and φi ∈ Gpi for
i = 1, . . . , m.
(1) If
m∏
i=1
φi(r) ≤ φ(r) for every r > 0, then
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mp
φ
≤
m∏
i=1
‖fi‖Mpi
φi
for every fi ∈M
pi
φi
(Rd),
i = 1, . . . , m.
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(2) If
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mp
φ
≤
m∏
i=1
‖fi‖Mpi
φi
for every fi ∈M
pi
φi
(Rd), i = 1, . . . , m, then there exists C > 0
such that
m∏
i=1
φi(r) ≤ C φ(r) for every r > 0.
Theorem 2.4. Let m ≥ 2 and 1 ≤ p, pi < ∞ for i = 1, . . . , m. If φ ∈ Gp and φi ∈ Gpi such
that
m∏
i=1
φi(r) = φ(r) for every r > 0 and there exists ǫ > 0 such that r
ǫ
pi φi(r) are almost
decreasing for i = 1, . . . , m, then the following statements are equivalent:
(1)
m∑
i=1
1
pi
≤ 1
p
.
(2)
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mp
φ
≤
m∏
i=1
‖fi‖Mpi
φi
for every fi ∈ M
pi
φi
(Rd), i = 1, . . . , m.
Remark. In [10, 11], Sugano states that
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mp
φ
≤
m∏
i=1
‖fi‖Mpi
φi
holds for every fi ∈M
pi
φi
(Rd),
i = 1, . . . , m, provided that
∑m
i=1
1
pi
= 1
p
and
m∏
i=1
φi(r) = φ(r). Theorems 2.3 and 2.4 may be
viewed as counterparts of Sugano’s results.
Finally, for generalized weak Morrey spaces, the following theorems hold.
Theorem 2.5. Let m ≥ 2, 1 ≤ p, pi < ∞ with
m∑
i=1
1
pi
≤ 1
p
, φ ∈ Gp, and φi ∈ Gpi for
i = 1, . . . , m.
(1) If
m∏
i=1
φi(r) ≤ φ(r) for every r > 0, then
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
wMp
φ
≤ m
m∏
i=1
‖fi‖wMpi
φi
for every fi ∈
wMpiφi(R
d), i = 1, . . . , m.
(2) If
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
wMp
φ
≤ m
m∏
i=1
‖fi‖wMpi
φi
for every fi ∈ wM
pi
φi
(Rd), i = 1, . . . , m, then there exists
C > 0 such that
m∏
i=1
φi(r) ≤ C φ(r) for every r > 0.
Theorem 2.6. Let m ≥ 2 and 1 ≤ p, pi < ∞ for i = 1, . . . , m. If φ ∈ Gp and φi ∈ Gpi such
that
m∏
i=1
φi(r) = φ(r) for every r > 0 and there exists ǫ > 0 such that r
ǫ
pi φi(r) are almost
decreasing for i = 1, . . . , m, then the following statements are equivalent:
(1)
m∑
i=1
1
pi
≤ 1
p
.
(2)
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
wMp
φ
≤ m
m∏
i=1
‖fi‖wMpi
φi
for every fi ∈ wM
pi
φi
(Rd), i = 1, . . . , m.
3 Proof of Theorems
Now we come to the proof of theorems in Section 2. Here, the letter C denotes a constant
that may change from line to line. To prove our results, we shall use Lemma 1.2, Lemma 1.3,
and the following lemma.
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Lemma 3.1. [3, 4, 5] Let 1 ≤ p <∞ and φ ∈ Gp. Then there exists C > 0 (depending on φ)
such that
1
φ(R)
≤ ‖χB(a0,R)‖wMpφ ≤ ‖χB(a0,R)‖M
p
φ
≤
C
φ(R)
(1)
for every a0 ∈ R
d and R > 0. In particular, we have
R
d
q ≤ ‖χB(a0,R)‖wMpq ≤ ‖χB(a0,R)‖Mpq ≤ C R
d
q
for every a0 ∈ R
d and R > 0.
Proof. This fact is proved in [3, 4, 5]; we rewrite the proof here for convenience. Let B0 :=
B(a0, R) ⊆ R
d where a0 ∈ R
d and R > 0. If r ≤ R, then φ(r) ≥ C φ(R), so that
1
φ(r)

 1
|B(a, r)|
∫
B(a,r)
|χB0(x)|
pdx


1
p
≤
C
φ(R)
(
|B(a, r) ∩ B0|
|B(a, r)|
) 1
p
≤
C
φ(R)
for every a ∈ Rd. If r ≥ R, then r
d
pφ(r) ≥ C R
d
pφ(R), so that
1
φ(r)

 1
|B(a, r)|
∫
B(a,r)
|χB0(x)|
pdx


1
p
≤
C
φ(R)R
d
p
|B(a, r) ∩ B0|
1
p ≤
C
φ(R)
for every a ∈ Rd. Hence we conclude that ‖χB0‖Mpφ ≤
C
φ(R)
.
Next, by Lemma 1.3, we have
‖χB0‖wMpφ ≤ ‖χB0‖M
p
φ
.
Finally, by using the definition of ‖ · ‖wMp
φ
, we have
‖χB0‖wMpφ ≥
γ
φ(R)
(
|{x ∈ B0 : |χB0(x)| > γ}|
|B0|
) 1
p
=
γ
φ(R)
(
|B0|
|B0|
) 1
p
=
γ
φ(R)
,
for every γ ∈ (0, 1). Therefore ‖χB0‖wMpφ ≥
1
φ(R)
, and the lemma is proved.
3.1 The proof of Theorem 2.1
Proof. (1) ⇒ (2) Let
∑m
i=1
1
pi
≤ 1
p
and
∑m
i=1
1
qi
= 1
q
hold. Put 1
p∗
:=
∑m
i=1
1
pi
. Clearly
p∗ ≥ p. Now take an arbitrary B := B(a,R) and fi ∈ M
pi
qi
(Rd), where i = 1, . . . , m. By the
generalized Ho¨lder’s inequality in Lebesgue spaces [2], we have
|B|
1
q
− 1
p
(∫
B
m∏
i=1
|fi(x)|
pdx
) 1
p
≤ |B|
1
q
− 1
p∗
(∫
B
m∏
i=1
|fi(x)|
p∗dx
) 1
p∗
≤
m∏
i=1
|B|
1
qi
− 1
pi
(∫
B
|f(x)|pidx
) 1
pi
.
Taking the supremum over B, we obtain
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mpq
≤
m∏
i=1
‖fi‖Mpiqi
.
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(2)⇒ (1) Suppose that
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mpq
≤
m∏
i=1
‖fi‖Mpiqi
for every fi ∈ M
pi
qi
(Rd), i = 1, . . . , m. Take
an arbitrary R > 0 and choose fi := χB(0,R) for i = 1, . . . , m. It follows from the hypothesis
that
‖χB(0,R)‖Mpq =
∥∥∥∥∥
m∏
i=1
fi
∥∥∥∥∥
Mpq
≤
m∏
i=1
‖fi‖Mpiqi
=
m∏
i=1
‖χB(0,R)‖Mpiqi
.
Hence, by Lemma 3.1, we have R
d
q
−
∑m
i=1
d
qi ≤ C. Since R > 0 is arbitrary, we conclude that∑m
i=1
1
qi
= 1
q
.
Next, choose 0 < ǫ < min{dp1
q1
, . . . , dpm
qm
}. For arbitrary K ∈ N, we define gǫ,K(x) :=
χ{0≤|x|<1}(x) +
∑K
j=1 χ{j≤|x|≤j+j−ǫ}(x). For i = 1, . . . , m, we define fi := gǫ,K. Note that∏m
i=1 fi = gǫ,K and so
∣∣∣∏mi=1 fi∣∣∣p = gǫ,K. Hence, we obtain
∥∥∥∥∥
m∏
i=1
fi
∥∥∥∥∥
Mpq
= sup
a∈Rd,r>0
|B(a, r)|
1
q
− 1
p
(∫
B(a,r)
∣∣∣ m∏
i=1
fi(x)
∣∣∣p dx
) 1
p
≥ |B(0, K +K−ǫ)|
1
q
− 1
p
(∫
B(0,K+K−ǫ)
gǫ,K(x) dx
) 1
p
= C(K +K−ǫ)
d
q
− d
p

|B(0, 1)|+ K∑
j=1
∫
j≤|x|≤j+j−ǫ
dx


1
p
= C(K +K−ǫ)
d
q
− d
p

|B(0, 1)|+ K∑
j=1
(|B(0, j + j−ǫ)| − |B(0, j)|)


1
p
≥ C(K +K−ǫ)
d
q
− d
p

 K∑
j=1
[
(j + j−ǫ)d − jd
]
1
p
≥ C(K +K−ǫ)
d
q
− d
p (K +K−ǫ)
d
p
− ǫ
p
= C(K +K−ǫ)
d
q
− ǫ
p .
Meanwhile, for each i = 1, . . . , m, we claim that
sup
a∈Rd,r>0
|B(a, r)|
1
qi
− 1
pi
(∫
B(a,r)
|fi(x)|
pi dx
) 1
pi
= |B(0, L)|
1
qi
− 1
pi
(∫
B(0,L)
|fi(x)|
pi dx
) 1
pi
for 2 < L ≤ K +K−ǫ. To see this, note that fi = gǫ,K is symmetrical about 0 and has most
mass around 0, and so for each a ∈ Rd and r > 0, we have
|B(a, r)|
1
qi
− 1
pi
(∫
B(a,r)
|fi(x)|
pi dx
) 1
pi
≤ |B(0, r)|
1
qi
− 1
pi
(∫
B(0,r)
|fi(x)|
pi dx
) 1
pi
.
Now, as a function of r only, the value of the last expression on the right hand side gets larger
and larger as r grows from 0 to 2+2−ǫ but decreases for r > K+K−ǫ. This verifies our claim
about the supremum.
With such a value of L, let L1 := ⌊L⌋ and L2 := ⌈L⌉. Clearly L1 ≥
1
2
L2. Since
1
qi
− 1
pi
≤ 0
6
for i = 1, . . . , m, we have
‖fi‖Mpiqi
= sup
a∈Rd,r>0
|B(a, r)|
1
qi
− 1
pi
(∫
B(a,r)
|fi(x)|
pi dx
) 1
pi
= |B(0, L)|
1
qi
− 1
pi
(∫
B(0,L)
|fi(x)|
pi dx
) 1
pi
≤ C L
d
qi
− d
pi
1

|B(0, 1)|+ L2∑
j=1
[
(j + j−ǫ)d − jd
]
1
pi
≤ C L
d
qi
− d
pi
1

|B(0, 1)|+ L2∑
j=1
jd−1−ǫ


1
pi
≤ C L
d
qi
− d
pi
1 L
d
pi
− ǫ
pi
2
≤ C L
d
qi
− ǫ
pi
2 .
Moreover, since L2 ≤ K + 1 ≤ 2(K +K
−ǫ), we obtain
‖fi‖Mpiqi
≤ C(K +K−ǫ)
d
qi
− ǫ
pi
for i = 1, . . . , m.
Knowing that
∑m
i=1
d
qi
= d
q
and
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mpq
≤
m∏
i=1
‖fi‖Mpiqi
, we conclude from the two inequalities
above that
(K +K−ǫ)
− ǫ
p
+
∑m
i=1
ǫ
pi ≤ C
for every K ∈ N. Therefore
∑m
i=1
1
pi
≤ 1
p
, as desired.
Remark. For m = 2, we obtain the proof of Theorem 1.1.
3.2 The proof of Theorem 2.2
Proof. If (1) holds, then by similar arguments as in [8] we can prove that (1) implies (2).
It thus remains to prove that (2) implies (1). To do so, take an arbitrary R > 0 and let
fi := χB(0,R) for i = 1, . . . , m. By the hypothesis, we then have
‖χB(0,R)‖wMpq =
∥∥∥∥∥
m∏
i=1
fi
∥∥∥∥∥
wMpq
≤ m
m∏
i=1
‖fi‖wMpiqi
= m
m∏
i=1
‖χB(0,R)‖wMpiqi
.
Hence R
d
q
−
∑m
i=1
d
qi ≤ C. Since this holds for every R > 0, it follows that
∑m
i=1
1
qi
= 1
q
.
Next, let 0 < ǫ < min{dp1
q1
, . . . , dpm
qm
} and, for arbitraryK ∈ N, define gǫ,K(x) := χ{0≤|x|<1}(x)+∑K
j=1 χ{j≤|x|≤j+j−ǫ}(x). For i = 1, . . . , m, let fi := gǫ,K . We observe that∥∥∥∥∥
m∏
i=1
fi
∥∥∥∥∥
wMpq
≥
1
2
|B(0, K +K−ǫ)|
1
q
− 1
p
∣∣∣∣{x ∈ B(a, r) : |fi(x)| > 12
}∣∣∣∣
1
p
≥ C(K +K−ǫ)
d
q
− d
p (K +K−ǫ)
d
p
− ǫ
p = C(K +K−ǫ)
d
q
− ǫ
p .
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Meanwhile, by Lemma 1.2 and the Morrey-norm estimate for fi, we obtain ‖fi‖wMpiqi
≤
‖fi‖Mpiqi
≤ C(K + K−ǫ)
d
qi
− ǫ
pi for i = 1, . . . , m. Since
∑m
i=1
1
qi
= 1
q
and
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
wMpq
≤
m
m∏
i=1
‖fi‖wMpiqi
, we have
(K +K−ǫ)
− ǫ
p
+
∑m
i=1
ǫ
pi ≤ C.
Since it holds for every K ∈ N, we must have
∑m
i=1
1
pi
≤ 1
p
.
3.3 The proof of Theorem 2.3
Proof. (1) Suppose that
m∏
i=1
φi(r) ≤ φ(r) for every r > 0. Take an arbitraryB := B(a,R) ⊆ R
d
and fi ∈M
pi
φi
(Rd), where i = 1, . . . , m. Putting 1
p∗
:=
∑m
i=1
1
pi
, it follows from the generalized
Ho¨lder’s inequality in Lebesgue spaces that
1
φ(R)

 1
|B|
∫
B
m∏
i=1
|fi(x)|
pdx


1
p
≤
1
φ(R)

 1
|B|
∫
B
m∏
i=1
|fi(x)|
p∗dx


1
p∗
≤
m∏
i=1
1
φi(R)

 1
|B|
∫
B
|fi(x)|
pidx


1
pi
.
We can now take the supremum over B to obtain
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mp
φ
≤
m∏
i=1
‖fi‖Mpi
φi
.
(2) Suppose that
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mp
φ
≤
m∏
i=1
‖fi‖Mpi
φi
for every fi ∈ M
pi
φi
(Rd), where i = 1, . . . , m. Take
an arbitrary R > 0 and define fi := χB(0,R) for i = 1, . . . , m. Then there exists C > 0
(independent of R) such that
1
φ(R)
≤ ‖χB(0,R)‖Mp
φ
≤
m∏
i=1
‖χB(0,R)‖Mpi
φi
≤
m∏
i=1
C
φi(R)
.
Thus
m∏
i=1
φi(R) ≤ C φ(R), as desired.
3.4 The proof of Theorem 2.4
Proof. (1)⇒ (2) Suppose that
∑m
i=1
1
pi
≤ 1
p
. As before, one may easily observe that
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mp
φ
≤
m∏
i=1
‖fi‖Mpi
φi
for every fi ∈M
pi
φi
, i = 1, . . . , m.
(2) ⇒ (1) Let
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mp
φ
≤
m∏
i=1
‖fi‖Mpi
φi
for every fi ∈ M
pi
φi
(Rd), where i = 1, . . . , m. For
arbitrary K ∈ N, we define gǫ,K(x) := χ{0≤|x|<1}(x)+
∑K
j=1 χ{j≤|x|≤j+j−ǫ}(x). For i = 1, . . . , m,
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let fi := gǫ,K . It is easy to check that
∥∥∥∥∥
m∏
i=1
fi
∥∥∥∥∥
Mp
φ
≥
1
φ (K +K−ǫ)

 1
|B(0, K +K−ǫ)|
∫
B(0,K+K−ǫ)
gǫ,K(x) dx


1
p
≥
C
(K +K−ǫ)
ǫ
pφ(K +K−ǫ)
.
Meanwhile, for i = 1, . . . , m, by using similar arguments as in the proof of Theorem 2.1 one
may observe that for 2 < L ≤ K +K−ǫ,
‖fi‖Mpi
φi
≤
1
φi(L)

 1
|B(0, L)|
∫
B(0,L)
gǫ,K(x) dx


1
pi
≤
C
(K +K−ǫ)
ǫ
pi φi(K +K−ǫ)
.
Because
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mp
φ
≤
m∏
i=1
‖fi‖Mpi
φi
and
m∏
i=1
φi(r) = φ(r) for every r > 0, we get
(K +K−ǫ)
− ǫ
p
+
∑m
i=1
ǫ
pi ≤ C,
which holds for arbitrary K ∈ N. Consequently,
∑m
i=1
1
pi
≤ 1
p
, as desired.
3.5 The proof of Theorem 2.5
Proof. (1) Suppose that
m∏
i=1
φi(r) ≤ φ(r) for every r > 0. Let fi ∈ wM
pi
φi
(Rd), where i =
1, . . . , m. For an arbitrary B := B(a,R) ⊆ Rd and γ > 0, let
A(B, γ) :=


γp
∣∣∣∣∣
{
x ∈ B :
m∏
i=1
∣∣∣ fi(x)
‖fi‖wMpi
φi
∣∣∣ > γ
}∣∣∣∣∣
φp(R)|B|


1
p
.
Putting 1
p∗
:=
∑m
i=1
1
pi
, we observe that
A(B, γ) ≤


γp
∗
∣∣∣∣∣
{
x ∈ B :
m∏
i=1
∣∣∣ fi(x)
‖fi‖wMpi
φi
∣∣∣ > γ
}∣∣∣∣∣
|B|
( m∏
i=1
φi(R)
)p∗


1
p∗
=


γ
p∗
0
∣∣∣∣∣
{
x ∈ B :
m∏
i=1
∣∣∣ fi(x)
φi(R)‖fi‖wMpi
φi
∣∣∣ > γ0
}∣∣∣∣∣
|B|


1
p∗
,
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where γ0 :=
γ
m∏
i=1
φi(R)
. Furthermore, by using Young’s inequality for products, we have
A(B, γ) ≤


γ
p∗
0
∣∣∣∣∣
{
x ∈ B :
m∏
i=1
∣∣∣ fi(x)
φi(R)‖fi‖wMpi
φi
∣∣∣ > γ0
}∣∣∣∣∣
|B|


1
p∗
≤


γ
p∗
0
∣∣∣∣∣
{
x ∈ B :
m∑
i=1
p∗
pi
∣∣∣ fi(x)
φi(R)‖fi‖wMpi
φi
∣∣∣ pip∗ > γ0
}∣∣∣∣∣
|B|


1
p∗
≤


m∑
i=1
γ
p∗
0
∣∣∣∣∣
{
x ∈ B : p
∗
pi
∣∣∣ fi(x)
φi(R)‖fi‖wMpi
φi
∣∣∣ pip∗ > γ0
m
}∣∣∣∣∣
|B|


1
p∗
.
Notice that p
∗
pi
∣∣∣∣ fi(x)φi(R)‖fi‖wMpi
φi
∣∣∣∣
pi
p∗
> γ0
m
is equivalent to |fi(x)| >
(
γ0pi
mp∗
)p∗/pi
φi(R)‖fi‖wMpi
φi
=: γi.
Hence we obtain
A(B, γ) ≤

 m∑
i=1
(
γi(mp
∗)p
∗/pi
φi(R)p
p∗/pi
i ‖fi‖wMpi
φi
)pi |{x ∈ B : |fi(x)| > γi}|
|B|


1
p∗
= m

 m∑
i=1
(
p∗
pi
)p∗ γpii |{x ∈ B : |fi(x)| > γi}|
φi(R)pi|B|‖fi‖
pi
wM
pi
φi


1
p∗
≤ m
[
m∑
i=1
(
p∗
pi
)p∗] 1p∗
≤ m
[
m∑
i=1
p∗
pi
] 1
p∗
= m,
because 1 ≤ p∗ ≤ pi for i = 1, . . . , m. We then take the supremum of A(B, γ) over B =
B(a,R) and γ > 0 to obtain
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
wMp
φ
≤ m
m∏
i=1
‖fi‖wMpi
φi
.
(2) Let
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
wMp
φ
≤ m
m∏
i=1
‖fi‖wMpi
φi
for every fi ∈ wM
pi
φi
(Rd), i = 1, . . . , m. Take an
arbitrary R > 0 and define fi := χB(0,R) for i = 1, . . . , m. By the hypothesis, we have
‖χB(0,R)‖wMp
φ
≤ m
m∏
i=1
‖χB(0,R)‖wMpi
φi
.
It thus follows from Lemma 3.1 that there exists C > 0 (independent of R) such that
m∏
i=1
φi(R) ≤ C φ(R).
10
3.6 The proof of Theorem 2.6
Proof. (1)⇒ (2) Suppose that
∑m
i=1
1
pi
≤ 1
p
. As before, we obtain
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
wMp
φ
≤ m
m∏
i=1
‖fi‖wMpi
φi
for every fi ∈ wM
pi
φi
, i = 1, . . . , m.
(2) ⇒ (1) Suppose that
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
wMp
φ
≤ m
m∏
i=1
‖fi‖wMpi
φi
for every fi ∈ wM
pi
φi
(Rd), where
i = 1, . . . , m. For arbitrary K ∈ N, define gǫ,K(x) := χ{0≤|x|<1}(x) +
∑K
j=1 χ{j≤|x|≤j+j−ǫ}(x),
and for i = 1, . . . , m put fi := gǫ,K . By using the same arguments as in the proof of Theorem
2.2, we have ∥∥∥∥∥
m∏
i=1
fi
∥∥∥∥∥
wMp
φ
≥
C
(K +K−ǫ)
ǫ
pφ(K +K−ǫ)
.
Next, using Lemma 1.3 and the generalized Morrey-norm estimate for fi, we have
‖fi‖wMpi
φi
≤ ‖fi‖Mpi
φi
≤
C
(K +K−ǫ)
ǫ
pi φi(K +K−ǫ)
,
for i = 1, . . . , m. Since
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
wMp
φ
≤ m
m∏
i=1
‖fi‖wMpi
φi
and
m∏
i=1
φi(r) = φ(r) for every r > 0, it
follows that
(K +K−ǫ)
− ǫ
p
+
∑m
i=1
ǫ
pi ≤ C.
We therefore conclude that
∑m
i=1
1
pi
≤ 1
p
.
4 Concluding Remarks
We have shown sufficient and necessary conditions for generalized Ho¨lder’s inequality in sev-
eral spaces, namely Morrey spaces and their weak type versions. From Theorems 2.1 and
2.2, we see that both Ho¨lder’s inequality in Morrey spaces and in weak Morrey spaces are
equivalent to the same condition, namely
∑m
i=1
1
pi
≤ 1
p
and
∑m
i=1
1
qi
= 1
q
. Accordingly, we have
the following corollary.
Corollary 4.1. For m ≥ 2, the following statements are equivalent:
(1)
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mpq
≤
m∏
i=1
‖fi‖Mpiqi
for every fi ∈M
pi
qi
(Rd), where i = 1, . . . , m.
(2)
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
wMpq
≤ m
m∏
i=1
‖fi‖wMpiqi
for every fi ∈ wM
pi
qi
(Rd), where i = 1, . . . , m.
Similarly, from Theorems 2.4 and 2.6, we have the following corollary about Ho¨lder’s inequal-
ity in generalized Morrey spaces and in generalized weak Morrey spaces.
Corollary 4.2. Let m ≥ 2 and 1 ≤ p, pi < ∞ for i = 1, . . . , m. If φ ∈ Gp and φi ∈ Gpi
such that
m∏
i=1
φi(r) = φ(r) for every r > 0 and there exists ǫ > 0 such that r
ǫ
pi φi(r) are almost
decreasing for i = 1, . . . , m, then the following statements are equivalent:
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(1)
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
Mp
φ
≤
m∏
i=1
‖fi‖Mpi
φi
for every fi ∈ M
pi
φi
(Rd), where i = 1, . . . , m.
(2)
∥∥∥∥ m∏
i=1
fi
∥∥∥∥
wMp
φ
≤ m
m∏
i=1
‖fi‖wMpi
φi
for every fi ∈ wM
pi
φi
(Rd), where i = 1, . . . , m.
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